Abstract. We establish the new result
Introduction
In 1772, looking for a closed form evaluation of the zeta function at odd integers, Euler was led to consider the two integrals [Ayoub, 2] [Euler, 13] Integrals of this form, such as the 'intriguing integral' [Borwein, 6] π/2 0 θ 2 ln 2 (2 cos θ) dθ = 11π 16 ζ(4), (1.3) have been studied, see [4, 5, 7, 8, 12, 15, 17, 24] among others. In this note, we establish the new result (conjectured in [3] ) π/2 0 θ 2 θ 2 + ln 2 (2 cos θ) dθ = π 8 (1 + ln(2π) − γ), (1.4) where γ is Euler's constant. In section 2, we find an "explicit" power series, leading to a Fourier series in section 3. Upon using a termwise integration of the trigonometric series, (1.4) is reduced to an integral on the unit interval which we manage to evaluate in closed form. In section 5, we exploit the preceding results to obtain rational series for the Euler constant and the "alternating Euler constant" ln(4/π). In section 6, a conjecture is made to generalize (1.4).
A Power Series
We give an explicit power series expansion of 1 log(1 − z) + 1 z , deducing that the radius of convergence is equal to 1. Throughout this note log denotes the principal branch of the natural logarithm defined on C − (−∞, 0 ] by
Proposition 2.1. Consider the real numbers
where (t) n is the usual Pochhammer symbol defined by
where n k are the Stirling numbers of the first kind counting the numbers of permutations of n letters that have exactly k cycles. Integrating (2.5) with respect to t between 0 and 1 yields
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Observe that
< (n + 1)a n .
Dividing both sides by (n + 1)! gives a n+1 (n + 1)! < a n n! .
Let 0 ≤ t ≤ 1. The elementary inequality
where H n denote the n-th harmonic number, H n = n k=1 1 k . Integrating (2.9) with respect to t between 0 and 1 gives
or equivalently a n n! ∼ 1 ln n , as n → ∞, (2.13) where we have used H n ∼ ln n. One may easily check that 
Therefore, using (2.6), ∞ n=0 a n n! t
.
The preceding identity extends, by analytic continuation, to all complex numbers z such that 0 < |z| ≤ 1, z = 1, giving (2.4).
A Fourier Series
We deduce from Proposition 2.1 a Fourier series expansion yielding the evaluation of some log-trigonometric integrals.
a n being defined as in Proposition 2.1.
Proof. Let θ ∈ (−π/2, π/2). Put z = −e 2iθ in the identity (2.4). Then, on the right hand side we have
Now log (1 − z) = log 1 + e 2iθ = log 2 cos θe iθ = ln (2 cos θ) + iθ, (3. 4) we thus obtain on the left hand side,
By equating real and imaginary parts of (3.3) and (3.5) we obtain (3.1) and (3.2).
Proposition 3.2. Let n ∈ N and
and, for n ≥ 2,
Proof. Consider the π-periodic and even function f defined on [0, π/2] by
The function f is piecewise differentiable, hence its Fourier series converges uniformly on [0, π/2). By uniqueness of the Fourier coefficients, considering (3.1), we obtain Proposition 3.2.
Proposition 3.3. Let n ∈ N and
, (3.12) a n being defined as in Proposition 2.1.
Proof. Consider the π-periodic and odd function g defined on [0, π/2] by
The function g is piecewise differentiable, hence its Fourier series converges uniformly on [0, π/2). By uniqueness of the Fourier coefficients, considering (3.2), we obtain Proposition 3.3.
A Remarkable Integral
We give a proof of a result which has been recently announced by the author and L. Glasser [3] [21] .
where γ is Euler's constant.
Proof. Let θ ∈ (0, π/2). Multiply the identity (3.2) by θ to obtain
By using (2.3), we readily see that the convergence of the preceding series is normal on (0, π/2), hence we can perform a term by term integration of (4.3) with respect to θ between 0 and π/2. Since
Integrating termwise with respect to x between 0 and 1, we find that
Next, one may check by a direct calculation that
Hence the integral in (4.8) is the sum of the three integrals
where we have used Binet's result [22, p. 249] and Gauss' formula for Euler's constant [22, p. 246] . Therefore
and, using (4.5) and (4.8),
as required. To obtain (4.2) one may observe that
New Rational Series
We give here rational terms series that are consequences of Proposition 2.1 and Proposition 4.1. On the other hand, we derive an identity involving the digamma function.
Proposition 5.1. Let γ be Euler's constant defined by
Proof. Recall Gauss' integral representation of the Euler constant [22, p. 246]
Then perform a term by term integration with respect to t between 0 and 1, which is justified by the uniform convergence of the series and the use of Abel's theorem.
Remark 5.1. Observe that one may rewrite (5.2) as
Similarly, recall that the real number ln 4 π has been named the "alternating Euler constant" [Sondow, 20] .
Proposition 5.2. We have
Proof. Observe from (4.8) and (4.13) that
From (2.4) one may easily obtain
It is well known [5, p. 97 
So using (5.9) and (5.10) we deduce that
Upon writing
and inserting (5.5), (5.7) and (5.11) into (5.12), we readily obtain (5.6).
Theorem 5.3. Let ψ be the digamma function defined by
Proof. We use Binet's integral representation of the digamma function [22, p. 248] 
On making the change of variables t = 1 − e −x , we easily obtain
Now replace the first factor of the latter integrand with the series in (2.4), integrate termwise using the beta integral
yields (5.14). The case z = 1 is Proposition 5.1. 
where γ is Euler's constant. If α ≥ 1/2, then (6.8) the evaluation of the last integral being due to Euler. Hence from (6.5) we recover Proposition 4.1. 
Proof. Differentiating (6.3) with respect to α, letting α tend to 1 and using the eulerian integral [11, p. and integrate with respect to θ between 0 and π/2, using (3.7).
Remark 6.1. By considering the derivatives of (6.1) with respect to the parameter α one may obtain new integrals, using explicite evaluations [11] [14] of where P is a polynomial function. Here we have made an incursion into Euler-type log-trigonometric integrals of the second kind, π/2 0 F (θ, ln cos θ) dθ, (7.3) where F is a rational function.
Similarly, a way to evaluate π/2 0 F (ln tan θ) dθ, where F is a rational function, has been established in [18] .
